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1Introduction
1995 4 Fields Institute , 1995 6 Aarhus ,
Ocneanu essential path double triangle algebra ,
, 5 , .
1 2 $A,$ $D,$ $E$ Dynkin biunitary
connection .
2Goodman-de la Harpe-Jones subfactor (dual) principal graph fusion rule
.
3 $A_{n}$ Jones subfactor generalized intermediate subfactor .
4 $SU(2)$ modular invariant matrix off-diagonal term
.
5Turaev-Viro type TQFT $SU(2)_{N}$ smo.oth part TQFT
.
5 , 1\sim 3 subfactor , 4 , 5
, .
1 , Ocneanu Fields Institute [5], T [3]
. 3 Kawahigashi paragroup
[4]. , 4 B\"ockenhauer-Evans-Kawahigashi([l, 2]) , conformal
field theory I $\alpha$-induction double triangle algebra
, $SU(2)$
, modular invariant matrix .
2 . 2 , con-
formal field theory conformal inclusion
$\mathrm{A}\backslash$ , conformal field theory ,
connection , combinatorial Goodman-de la Harpe-Jones sub-
factor . intermediate subfactor subequivalent
paragroup ..
2Connection system bimodule system
$K,$ $L$ 2 2 , Figure 1 4 ,
$K,$ $L$ . $\mathrm{b}\mathrm{i}$-unitary connection K-L connection . Figure 1
K-L connection , $K$ $*_{K}$ string algebra construction
subfactor $N\subset M$ . $.*_{K}$
, subfactor $N\subset M$ , , $*_{K}$
.
, connection $w$ subfactor $N\subset M$ ,
N-M bimodule $NMM$ conjugate bimodule $MMN$
, N-N, N-M, M-N, M-M 4 bimodule system , , K-
$L$ connection $w$ , connection $w$ conjugate L-K connection $\overline{w}$
, $K(w\overline{w})_{K’ K}^{m}(w\overline{w})^{m}w_{L,L}(\overline{w}w)^{m}\overline{w}_{K,L}(\overline{w}w)_{L}^{m}$ 4 connection , K-K, K-L,












, connection system bimodule system ,
, subfactor $N\subset M$ finite depth , $N\subset M$
paragroup , . , .
1K-L connection $Kw_{L}$ subfactor N\subset M- finite depth , $Kw_{L}$
4 connection system subfactor $N\subset M$ 4 bimodule
system fusion rule . , connection system (Asaeda-Haagerup
) generalized open string bimodule system , subfactor $N\subset M$
paragroup .
2 , Kw subfactor $N\subset M$ $*_{K}$
. , connection generalized open string bimodule [ ,
$K,$ $L$ 1 $*_{K},$ $*_{L}$ ,
2 .
1 , $N\subset M$ fusion rule paragroup , connection system
. , connection fusion rule combinatorial deta
, , Goodman-de la Harpe-Jones subfactor
fusion rule .
3Goodman-de la Harpe-Jones subfactor $\sigma$) (dual) principal graph &fusion rule
$A$ Dynkin diagram $A_{n}$ $>,$ $K$ Dynkin diagram $A,$ $D,$ $E$ .
$K$ $*_{K}=x$ , Figure 2 subfactor
Goodman-de la Harpe-Jones subfactor . subfactor
GHJ(K, $*_{K}=x$ ) . , $G,G’$ $K$ essential path
, essential path moderated pascal rule
$\text{ }[5]$ .
A-Kconnection 3 $K$ $*_{K}$
. , connection Frobenius reciprocity (
4) fusion rule .
3([3, Proposition 56]) A-K connection , , $A$
$*_{A}$ $K$ $x$ , (Figure 3).






Figure 4: The label of vertices of the Dynkin diagram $A_{m}$ .
4(Frobenius reciprocity) ([3, Proposition 320]) $K\alpha_{L},$ $L\beta_{M},$ $K\gamma M$
K-L, L-M, K-Mconn.ection . , $m\gamma\prec\alpha\cdot\beta$ , $m\alpha\prec\gamma\cdot\overline{\beta}$ $m\beta\prec\overline{\alpha}\cdot\gamma$
.
64 $\mathrm{E}\text{ }$ connection $\sigma$) fusion rule.
Goodman-de la Harpe-Jones subfactor connection system , A-A, A-K, K-A,
K-K 4 , fusion rule 8 multiplication table .
(1)A-A $\cross A-Aarrow A-A$
(2)A-A $\cross A-Karrow A-K$ (2)’K-A $\cross A-Aarrow K-A$ (2)”A-K $\cross K- Aarrow A- A$
(3) A-K $\cross K-Karrow A-K$ (3)’K-K $\cross K-Aarrow K-A$ (3) K-A $\cross A- Karrow K- K$
(4) K-K $\cross K- Karrow K-K$
, (2) (2)’ (3) (3)’ conjugate $\mathrm{A}$ ‘[ , (2) (2)”
(3) (3)” Frobenius reciprocity , (1) $\sim(4)$
4 multiplication table .
$\bullet$ (1) A-A $\cross A-Aarrow A-A$ , (2)A-A $\cross A- Karrow A-K$ fusion rule principal graph.
$A_{m}$ Dynkin diagram 0, 1, 2, $\cdots,$ $m-1$ Figure 4
, $*_{A}=0$ $n$ 1 A-Aconnection ,$n_{A}$
(Figure 5). , $*A$ $=0$ $K$ $x$ 1
A-Kconnection $x_{K}$ (Figure 5).
, (1) $A- A\cross A- Aarrow A- A$ (2) $A- A\cross A- Karrow A- K$ fusion rule $[]\mathrm{h}$ ,
, Figure 6 , , connection $AxK$
. , connection $Ax_{K}$ $\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{g}_{*}A\subset$
$\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{g}_{x}K$ connection






$*_{A}$ $A$ $*_{A}$ $A$
$\cong$ $k$ $[_{A}y_{K}]$ $\oplus l$ $[_{A}z_{K}]$
$y$ $K$ $z$ $K$










$Ay_{KK}.\overline{x}_{A}\cong$ $\oplus(\dim \mathrm{E}\mathrm{s}\mathrm{s}\mathrm{P}\mathrm{a}\mathrm{t}\mathrm{h}_{x,y}^{\zeta n)}K)An_{A}$
$n\in \mathrm{V}\mathrm{e}\mathrm{r}\mathrm{t}A$
A-A $\cross A- Karrow A- K$ fusion rule principal graph , GHJ(K, $*_{K}=x$)
principal graph connection $AxK$ $*_{A}$
. , , essential path
. , [ GHJ(K, $*_{K}=x$ ) principal graph even vertex
Dynkin diagram $A_{m}$ even vertex ( subset) .
$\bullet$ (3)A-K $\cross$ $K- Karrow A- K$ $C\mathit{1}$) fusion rule $\text{ }$ dual principal graph.
, $*_{A}=0$ $K$ $x$ 1
A-K connection $AxK$ , , K-K connection $Kw_{iK}$ (Figure 7).
, (3) A-K $\cross\cdot K- Karrow A-K$ fusion rule ,
, Figure 8 , fusion rule , connection $AxK$
.
, essential path .
, $K$ Dynkin diagram $A,$ $D,$ $E$ , K-K connection
( Ocneanu 1 [5], , K-K connection connection
system fusion rule [5]. , K-K connection
. , $K=A_{3}$ , $A_{4},$ $A_{5},$ $A_{6},$ $D_{4},$ $D_{5},$ $D_{6},$ $E_{6}$ , E7, $E_{8}$
Figure 20\sim 30 . , $E_{6}$ , E7, $E_{8}$
, .
, A-K $\cross K- Karrow A- K$ fusion rule
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$*_{A}$ $A$ $*_{A}$ $A$
$\cong$ $k$ $[_{A}y_{K}]$ $\oplus l$ $[_{A}z_{K}]$
$y$ $K$ $z$ $K$
Figure 8: A-K $\cross K- K$ $arrow A- K$ $\mathrm{C}7$) fusion rule







, $KZ_{K}$ K-K connection system, ( K-K double triangle al-
gebra center fusion rule algebra ) , $n(w:)_{x,y}$ K-K connection
$Kw_{1K}$. $x$ $y$ .
, fusion rule GHJ(K, $*_{K}=x$ ) dual principal graph ,
(3) A-K $\cross K-Karrow A-K$ fusion rule ( $\kappa w_{0K}$ trivial K-K connection
) $AxK$ . Figure 31\sim 42 $K=E_{6}$ , E7, $E_{8}$ (dual)
principal graph .
$\bullet$ (4) K-K $\cross K- Karrow K$-K, fusion rule.
, Ocneanu K-K connection system fusion rule
, $(_{K}Z_{K}, *)$ , K-K double triangle algebra center convolution product
(vertical product) $*$ algebra . , fusion rule ,
$A,$ $D,$ $E$ fusion rule chiral left part chiral right part ,
chiral part $[3, 5]$ .
@GHJ(K, $*_{K}=x$ ) $\sigma)$ (dual) principal graph (7) even vertex (7) fusion rule.
$N\subset M$ Goodman-de la Harpe-Jones subfactor GHJ(K, $*_{K}=x$) ( Figure 2
A-Kconnection $AxK$ subfactor) , $N\subset M$ (dual) principal
graph even vertex fusion rule, N-N bimodule M-M bimodule fusion rule
.
N-N bimodule system connection $AxK$ A-A connection system
, $AZ_{A}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$, , A-A double triangle algebra center even part
fusion rule algebra . , N-N bimodule fusion rule $A^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ ,
Jones $A$ subfactor even vertex fusion rule . ,
Goodman-de la Harpe-Jones subfactor $N\subset M$ N-N bimodule fusion rule
.
, M-M bimodule , connection $AxK$ K-K connection
system , $KZ_{K}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ ( ), , K-K double triangle algebra center
even part fusion rule algebra ( ) .




Table 1: The fusion rule of $KZ_{K}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ and vertical edges of K-K connections
$*_{A}=$
Figure 9: The label of vertices of the Dynkin diagram $A_{n}$ .
$KZ_{K}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ fusion rule K-K connection Table 1 .
fusion rule , $KZK$ fusion graph(-Figure 43\sim 48)
.
4Goodman-de la Harpe-Jones subfactor
$\bullet$ $A_{n}$ Goodman-de la Harpe-Jones subfactors.
$N\subset M$ $A_{n}$ Jones subfactor , $N\subset M\subset M_{1}\subset M_{2}\subset\cdots\subset M_{k}\subset$ Jones
tower . Figure 9 { Dynkin diagram $A_{n}$ $a_{0},$ $a_{1},$ $\cdots,$ $a_{n-1}$ .
, $(K=A_{n}, *_{K}=a_{m})$ Goodman-de la Harpe-Jones subfactor I
$\mathrm{G}\mathrm{H}\mathrm{J}(A_{n}, *=a_{m})$ $\cong$ $pN\subset pM_{m-1}p$
. $p$ { $p\in \mathrm{P}\mathrm{r}\mathrm{o}\mathrm{j}(N’\cap\Lambda f_{m-1})$ $a_{m}$ [ minimal projection .
, principal graph dual principal graph , even vertex
fusion rule $A_{n}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ .
$\bullet D_{2n+1}$ Goodman-de la Harpe-Jones subfactors.
Figure 10 { Dynkin diagram $D_{2n+1}$ $d_{0},$ $d_{1},$ $d_{2},$ $\cdots,$ $d_{2n-2},$ $d_{2n-1},$ $d_{2n-1}’$ .
, $(K=D_{2n+1}, *_{K})$ Goodman-de la Harpe-Jones subfactor
$\bullet$ $*K=d_{0}$ index$=2$ Z2 subfactor $N\subset N\mathrm{x}$ Z2 .
$\bullet$ $*_{K}\neq d_{0},$ $d_{2n-1},$ $d_{2n-1}’$ Figure 11 [ non trivial intermediate subfactor
.
$\bullet D_{2n}$ Goodman-de la Harpe-Jones subfactors.
Figure 12 { Dynkin diagram $D_{2n}$ $d_{0},$ $d_{1},$ $d_{2},$ $\cdots,$ $d_{2n-3},$ $d_{2n-2},$ $d_{2n-2}’$ .
, $(K=D_{2n}, *_{K})$ Goodman-de la Harpe-Jones subfactor
$\bullet$ $*_{K}=d_{0}$ index$=2$ $\mathrm{Z}_{2}$ subfactor $N\subset N\mathrm{x}\mathrm{Z}_{2}$ .
$\bullet$ $n=2$ $K=D_{4}$ , $*_{K}=d_{2},$ $d_{2}’$ index$=2$ $\mathrm{Z}_{2}$ subfactor
$N\subset N\mathrm{x}\mathrm{Z}_{2}$ .
$\bullet$ $*_{K}\neq d_{0},$ $d_{2n-2},$ $d_{2n-2}’$ Figure 13 { non trivial intermediate subfactor
.
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Figure 10: The label of vertices of the Dynkin diagram $D_{2n+1}$ .
$A_{4n-1}$
$*$ $\cdot$ .. $arrow$ $N$













$\bullet$ $E_{6}\text{ }$ Goodman-de la Harpe-Jones subfactors.
Figure 14 [ Dynkin diagram $E_{6}$ $e_{0},$ $e_{1},$ $e_{2},$ $\cdots,$ $e_{5}$ . , $(K=$
$E_{6},$ $*_{K})$ Goodman-de la Harpe-Jones subfactor
$\bullet*\kappa=e_{0}$ index $=3+\sqrt{3}$ subfactor t , principal graph dual principal
graph Figure 31 [ . principal graph dual principal graph
, fusion rule .
$\bullet$ $*_{K}\neq e_{0}$ Figure 15 non trivial intermediate subfactor
.
@E7 $\# 4\sigma$) Goodman-de la Harpe-Jones subfactors.
Figure 16 } Dynkin diagram E7 $e_{0},$ $e_{1},$ $e_{2},$ $\cdots,$ $e_{6}$ . , $(K=$
$E7,$ $*_{K})$ Goodman-de la Harpe-Jones subfactor
$\bullet*_{K}=e_{0}$ index
$==\underline{|A_{17}|}.$
. 7.759 subfactor I , principal graph dual
$|E_{7}|$
principal graph Figure 37 { . , $|A_{17}|$ $|E_{6}|$ total
mass, , normalized Perron-Frobenius eigenvalue 2
.
$\bullet$ $*_{K}\neq e_{0},$ $e_{4},$ $e_{5}$ Figure 17 [ non trivial intermediate subfactor
.
$\bullet$ $E_{8}$ Goodman-de la Harpe-Jones subfactors.
Figure 18 [ Dynkin diagram $E_{8}$ $e_{0},$ $e_{1},$ $e_{2},$ $\cdots,$ $e_{7}$ . , $(K=$
$E_{8},$ $*_{K})$ ’ Goodman-de la Harpe-Jones subfactor
$\bullet*_{K}=e_{0}$ index
$==\underline{|A_{29}|}.$
. 19.48 subfactor I , principal graph dual
$|E_{8}|$
principal graph I Figure 41 [ .
$\bullet$ $*_{K}\neq e_{0}$ [ Figure 19 [ non trivial intermediate subfactor
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Figure 12: The label of vertices of the Dynkin diagram $D_{2n}$ .
$A_{4n-3}$
$*$ $\cdot$ . . $arrow$ $N$
$N\subset P\cong N\subset N\mathrm{x}\mathrm{Z}_{2}$
index $=2$
$D_{2n}$
$d_{0}$ . . . $arrow$ $\exists_{P}$
$\triangleright$
$P\neq M$
$d_{k}$ . . . $arrow$ $M$
$D_{2n}$
The principal graph $\not\cong$ The dual principal graph




of even vertices commutative non-commutative
Figure 13:
5Subequivalent paragroup
$K$ $D_{2n}(n\geq 3),$ $E_{6}$ , E7, $E_{8}$ , $*_{K}$ GHJ(K, $*_{K}$ ) index$=2$ subfactor
. ( , . ) $N\subset M=\mathrm{G}\mathrm{H}\mathrm{J}^{\mathrm{t}}(K, *_{K})$
, section , N-N bimodule system , $A_{n}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ , M-M
bimodule system , $KZ_{K}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ . $KZ_{K}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ strict subsystem $K^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$
, $K$ subfactor paragroup $A_{n}$ subfactor paragroup strict
subequivalent paragroup . , $D_{4}$ paragroup GHJ(D4, $*_{K}$ )
, 3 $D_{4}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ $\mathrm{G}\mathrm{H}\mathrm{J}(D_{4}, *_{K})$ ,
$A_{5}$ paragroup strict subequivalent paragroup . ,
.
5Jones $A_{n}$ subfactor paragroup , strict sube-
quivalent paragroup .
$A_{4n-3}.\succ D_{2n}(n\geq 2)$ , $A_{11}\succ E_{6}$ , $A_{17}\succ E_{7}$ , $A_{29}\succ E_{8}$ .
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Figure 14: The label of vertices of the Dynkin diagram $E_{6}$ .
$A_{11}$
$*$ $\cdot$ .. $arrow$ $N$
$N\subset P\cong \mathrm{G}\mathrm{H}\mathrm{J}(E_{6}, *_{K}=e_{0})$
index $=3+\sqrt{3}$
$E_{6}$
$e_{0}$ $\cdots$ $arrow$ $\exists_{P}$
$\mathrm{r}$
$P\neq M$
$e_{k}$ . .. $arrow$ $M$
$E_{6}$
The principal graph $\not\cong$ The dual principal graph




[4] Kawahigashi, Y. Quantum Galois correspondence for subfactors, J. Funct. Anal. 167
(1999), 481-497.
[5] Ocneanu, A. Paths on Coxeter diagrams: from Platonic solids and singularities to minimal
modeb and subfactors. (Notes recorded by S. Goto), in Lectures on operator theory, (ed.
B. V. Rajarama Bhat et al.), The Fields Institute Monographs, Providence, Rhode Island:
AMS Publications. (2000), 243-323.
66
Figure 16: The label of vertices of the Dynkin diagram E7.
$A_{17}$
$*$ $\cdot$ . . $arrow$ $N$
$N\subset P\cong \mathrm{G}\mathrm{H}\mathrm{J}(E_{7}, *_{K}=e_{0})$ ..
$\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{x}.=$. $7.759$
$E_{7}$
$e_{0}$ . . . $arrow$ $\exists_{P}$
$r$
$P\neq M$
$e_{k}$ .. . $arrow$ $M$
E7
The principal graph $\not\cong$ The dual principal graph
The number 9 $=$ 9of even vertices
The fusion rule
$A_{17}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ $\neq$ $E_{7}Z_{E_{7}}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$
of even vertices commutative commutative
Figure 17:
Figure 18: The label of vertices of the Dynkin diagram $E_{8}$ .
$A_{29}$
$*$ $\cdot$ . . $arrow$ $N$
$N\subset P\cong \mathrm{G}\mathrm{H}\mathrm{J}(E_{8}, *_{K}=e_{0})$
$\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{x}.=$. 19.48
$E_{8}$
$e_{0}$ . . . $arrow$ $\exists_{P}$
$r$
$P\neq M$
$e_{k}$ .. . $arrow$ $M$
$E_{8}$
The principal graph $\not\cong$ The dual principal graph
The number 15 $\neq$ 16of even vertices
The fusion rule
$A_{29}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$ $\neq$ $E_{8}Z_{E_{8}}^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}$
of even vertices commutative commutative
Figure 19:
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$a_{0}$ $a_{2}$ $a_{0}$ $a_{2}$ $a_{1}$ $a_{0}$ $a_{2}$ $a_{1}$
$A_{3}$ $\vee$ [0] $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$
.
[1] $\vee$ $\Lambda$





[2] $a_{0}$ $a_{2}$ $a_{1}$
Figure 20: Vertical graphs for connections on the Coxeter graph $A_{3}$
$a_{0}$ $a_{2}$
$A_{4}$ $a_{0}$ a2 $a_{1}$ $a_{3}$ $a_{0}$ a2 $a_{1}$ $a_{3}$
$a_{1}$ a3 [0] $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ [1] . $\mathrm{N}$
[0] $a_{0}$ a2 $a_{1}$ $a_{3}$ $a_{1}$ $a_{3}$ $a_{0}$ a2
[1] $a_{0}$ $a_{2}$
$[2]$ [2] $\mathrm{x}$
$a_{1}$ $a_{3}$ $a_{0}$ a2 $a_{1}$ $a_{3}$
$\ltimes$ [3] $\cross$ $\cross$
[3] $a_{0}$ a2 $a_{1}$ $a_{3}$ $a_{1}$ $a_{3}$ $a0$ a2
Figure 21: Vertical graphs for connections on the Coxeter graph $A_{4}$
$a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$
$a_{0}$ $a_{2}$ $a_{2}$
[0] $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ [1]
$A_{5}$
$a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{1}$ $a_{3}$ $a_{0}$ a2 $a_{4}$
$a_{1}$ $a_{3}$




$a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{1}$ $a_{3}$ $a_{0}$ a2 $a_{4}$
[2]




$a_{0}$ $a_{2}$ $a_{4}$ $a_{1}$ $a_{3}$
Figure 22: Vertical graphs for connections on the Coxeter graph $A_{5}$
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$a_{0}$ $a_{2}$ $a_{2}$ $a_{0}$ $a_{2}$ $a_{4}$ $a_{1}$ $a_{3}$ $a_{5}$ $a_{0}$ $a_{2}$ $a_{4}$
$A_{6}$ [0] $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ [1]
$a_{1}$ $a_{3}$ $a_{5}$ $a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{5}$ $a_{1}$ $a_{3}$ $a_{5}$ $a_{0}$ $a_{2}$ $a_{4}$
$[0]$ $a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{5}$ $a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{5}$
[1 [2] [3]
[2] $a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{5}$ $a_{1}$ $a_{3}$ $a_{5}$ $a_{0}$ a2 $a_{4}$
[3] $a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{5}$ $a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{5}$
[4] [4] [5]
[5] $a_{0}$ a2 $a_{4}$ $a_{1}$ $a_{3}$ $a_{5}$ $a_{1}$ $a_{3}$ $a_{5}$ $a_{0}$ a2 $a_{4}$
Figure 23: Vertical graphs for connections on the Coxeter graph $A_{6}$
$D_{4}$
$d_{1}$ $d_{0}$ $d_{2}$ $d_{2}’$ $d_{1}$ $d_{0}$ $d_{2}$ $d_{2}’$ $d_{1}$
[0] $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $[\epsilon]$ $\mathrm{I}$ $\cross$ $\mathrm{I}$
$d_{0}$ $d_{2}$ $d_{2}’$ $d_{1}$ $d_{0}$ $d_{2}$ $d_{2}’$ $d_{1}$
$d_{1}$ $d_{1}$
$1$
[2] $\mathrm{I}$ $[2\epsilon]$ $\mathrm{I}$
$d_{1}$ $d_{1}$
$d_{1}$ $d_{0}$ $d_{2}$ $d_{2}’$ $d_{1}$
$[2’]$ $\mathrm{I}$ $[2’\in]\cross$ $\mathrm{I}$ $\mathrm{I}$
$d_{1}$ $d_{0}$ $d_{2}$ $d_{2}’$ $d_{1}$
Figure 24: Vertical graphs for connections on the Coxeter graph $D_{4}$
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$D_{6}$
$d_{0}$ $d_{2}$ $d_{4}d_{4}’$ $d_{1}$ $d_{3}$ $d_{0}$ $d_{2}$ $d_{4}$ $d_{4}’$ $d_{1}$ $d_{3}$
$[0]\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $[\epsilon]\mathrm{I}$ $\mathrm{I}$ $\mathrm{x}$ $\mathrm{I}$
$\mathrm{I}$




$d_{1}$ $d_{3}$ $d_{1}$ $d_{3}$
$[4]$
$d_{1}d_{3}*$ $d_{1}d_{3}\rangle\triangleleft$
$d_{1}$ $d_{3}$ $d_{1}$ $d_{3}$
$[4’]$
$d_{1}d\mathrm{x}^{3}$ $d_{1}d_{3}*$
$d_{1}$ $d_{3}$ $d_{1}$ $d_{3}$
Figure 25: Vertical graphs for connections on the Coxeter graph $D_{6}$
$D_{5}$
$d_{0}$ $d_{2}$ $d_{1}$ $d_{3}$ $d_{3}’$
$[0]\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$
$d_{0}$ $d_{2}$ $d_{1}$ $d_{3}$ $d_{3}’$
$d_{0}d_{2}$
[2] $\ovalbox{\tt\small REJECT}$ [1]
$d_{0}d_{2}$
$d_{0}d_{2}$
[4] $\ovalbox{\tt\small REJECT}$ [3]
$d_{0}d_{2}$
$d_{0}$ $d_{2}$ $d_{1}$ $d_{3}d_{3}’$
[6] $\mathrm{I}$ $\mathrm{I}$ $\mathrm{I}$ $\cross$ [5]
$d_{0}$ $d_{2}$ $d_{1}$ $d_{3}d_{3}’$





$[w_{1}]$ $e_{4}^{2}e^{0}e$ $\{\begin{array}{ll}100 11 100 1\end{array}\}$
:
in{array}{ l}1 1 0 1\end{array}\ $
$e_{0}e_{2}e_{4}$ $e_{1}e_{3}e_{5}$
$[w_{2}]$ $e_{4}^{2}e^{0}e$ $\{\begin{array}{l}010121010\end{array}\}$ $e_{5}^{3}ee_{1}$ $\{\begin{array}{ll}11 1101 11 1\end{array}\}$
$e_{0}e_{2}e_{4}$ $e_{1}e_{3}e_{5}$
$[w_{4}]$ $e_{4}^{2}e^{0}e$ $\{\begin{array}{l}001010100\end{array}\}$ $e_{5}^{3}e^{1}e$ $\{\begin{array}{l}0010\mathrm{l}0100\end{array}\}$
$e_{0}e_{2}e_{4}$ $e_{1}e_{3}e_{5}$
$[w_{1\overline{1}}]$ $e_{4}^{2}e^{0}e$ $\{\begin{array}{l}110131011\end{array}\}$ $e_{5}^{3}ee_{1}$ $\{\begin{array}{l}211111112\end{array}\}$
$e_{0}e_{2}e_{4}$ $e_{1}e_{3}e_{5}$
$[w_{3\overline{1}}]$ $e_{4}^{2}e^{0}e$ $\{\begin{array}{lll}0 1 01 2 10 1 0\end{array}\}$ $e_{5}^{3}e^{1}e$ $\{\begin{array}{l}111101111\end{array}\}$
$e_{0}e_{2}e_{4}$ $e_{1}e_{3}e_{5}$




$\{\begin{array}{ll}01 0101 010 \end{array}\}$ $e_{5}^{3}ee_{1}$ $\{\begin{array}{lll}0 1 01 0 10 1 0\end{array}\}$
$e_{1}e_{3}e_{5}$ $e_{0}e_{2}e_{4}$
$[w_{5}]$ $e_{4}^{2}e^{0}e$ $\{\begin{array}{lll}0 0 11 1 11 0 0\end{array}\}$ $e_{5}^{3}e^{1}e$ $\{\begin{array}{l}011010110\end{array}\}$
$e_{1}e_{3}e_{5}$ $e_{0}e_{2}e_{4}$
$[w_{\tilde{1}}]$ $e_{4}^{2}e^{0}e$ $\{\begin{array}{l}100111001\end{array}\}$ $e_{5}^{3}e^{1}e$ $\{\begin{array}{l}110010011\end{array}\}$
$e_{1}e_{3}e_{5}$ $e_{0}e_{2}e_{4}$
$[w_{2\tilde{1}}]$ $e_{4}^{2}e^{0}e$ $\{\begin{array}{l}111323111\end{array}\}$ $e_{5}^{3}ee_{1}$ $\{\begin{array}{lll}1 3 11 2 11 3 1\end{array}\}$
$e_{1}e_{3}e_{5}$ $e_{0}e_{2}e_{4}$
$[w_{4\tilde{1}}]$ $e_{4}^{2}e^{0}e$ $\{\begin{array}{lll}0 0 11 1 11 0 0\end{array}\}$ $e_{5}^{3}e^{1}e$ $\{\begin{array}{l}011010110\end{array}\}$











$[w_{2}]$ $e_{6}e_{4}ee_{2}^{0}\{\begin{array}{ll} 01001 \mathrm{l}11 0101 0111\end{array})$ $e_{5}^{3}ee_{1}\{\begin{array}{l}110121010\end{array}\}e_{1}e_{3}e_{5}$ $[w_{3}]$ $e_{6}e_{4}e_{2}e_{0}\{\begin{array}{l}01012111\mathrm{l}120\end{array}\}$ $e_{5}e_{3}e_{1}\{\begin{array}{l}011112120110\end{array}\}e_{0}e_{2}e_{4}e_{6}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}$
$[w_{4}]$ $e_{6}e_{4}e_{2}^{0}e\{\begin{array}{ll}00 1102 1211 111211 \end{array}\}$ $e_{5}^{3}e^{1}e\{\begin{array}{l}021231110\end{array}\}e_{1}e_{3}e_{5}$ $[w_{5}]$ $e_{6}e_{4}e_{2}e_{0}\{\begin{array}{l}011131120221\end{array}\}$ $e_{5}^{3}ee_{1}\{\begin{array}{ll}01\mathrm{l} 21322 110 1\end{array}\}e_{0}e_{2}e_{4}e_{6}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}$
$[w_{6}]$ $e_{4}ee_{2}e_{6}0\{\begin{array}{ll}0101 1222 02 1121 12\end{array}\}$ $e_{1}e_{3}e_{5}\{\begin{array}{l}\mathrm{l}2\mathrm{l}2411\mathrm{l}1\end{array}\}e_{1}e_{3}e_{5}$ $[w_{7}]$ $e_{6}e_{2}^{0}ee_{4}\{\begin{array}{l}110231\mathrm{l}2\mathrm{l}\mathrm{l}31\end{array}\}$ $e_{5}e_{3}e_{1}(\begin{array}{l}12111323011\mathrm{l}\end{array}\}e_{0}e_{2}e_{4}e_{6}$
$e_{0}e_{2}e_{4}e_{6}$
$[w_{8}]$ $e_{6}e_{4}e_{2}e_{0}$ $\{\begin{array}{lll}0 1 001 1 110 1 010 1 1\mathrm{l}\end{array}\}$ $e_{5}^{3}e^{1}e\{\begin{array}{l}1\mathrm{l}0121010\end{array}\}e_{1}e_{3}e_{5}$
$e_{0}e_{2}e_{4}e_{6}$ $e_{1}e_{3}e_{5}$
$[w_{8’}]$ $e_{6}e_{4}^{2}e^{0}e$ $\{\begin{array}{l}1010020110\mathrm{l}10111\end{array}\}$ $e_{1}e_{3}e_{5}\{\begin{array}{lll}\mathrm{l} 1 01 2 \mathrm{l}0 1 0\end{array}\}e_{1}e_{3}e_{5}$ $[w_{(0)}]$ $e_{6}e_{4}^{2}ee_{0}\{\begin{array}{ll}100 011 010 01 1\end{array}\}$
$e_{5}e_{3}e_{1}$
$\{\begin{array}{ll}110 0011 1000 1\end{array}\}e_{0}e_{2}e_{4}e_{6}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}$
$[w_{(1)}]$ $e_{6}e_{2}^{0}e_{4}e\{\begin{array}{ll}1001 12 1101 1101 12\end{array}\}$ $e_{5}^{3}e^{1}e\{\begin{array}{l}21013\mathrm{l}011\end{array}\}e_{1}e_{3}e_{5}$ $[w_{(2)}]$ $e_{4}e_{2}^{0}ee_{6}\{\begin{array}{l}110231121131\end{array}\}$ $e_{5}^{3}ee_{1}\{\begin{array}{ll}121 1132 301\mathrm{l} 1\end{array}\}e_{0}e_{2}e_{4}e_{6}$
$[w_{(3)}]$




$e_{5}^{3}e^{1}e\{\begin{array}{ll}011 11212 0110 \end{array}\}e_{0}e_{2}e_{4}e_{6}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}$
$[w_{(5)}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}000\mathrm{l}011101101101\end{array}\}$ $e_{5}^{3}e^{1}e\{\begin{array}{l}01\mathrm{l}120101\end{array}\}e_{1}e_{3}e_{5}$ $[w_{(6)}]$ $e_{4}^{2}e_{0}ee_{6}\{\begin{array}{l}01\mathrm{l}\mathrm{l}3\mathrm{l}\mathrm{l}2022\mathrm{l}\end{array}\}$ $e_{3}^{1}ee_{5}\{\begin{array}{ll}011 2132 21101 \end{array}\}e_{0}e_{2}e_{4}e_{6}$






$e_{7}^{5}e^{3}e^{1}e$ $\{\begin{array}{lll}1 00 00 01 00 01 00 00 1\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$




$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{4}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}0010012112310110\end{array}\}$ $e_{7}^{5}e_{3}^{1}ee\{\begin{array}{l}0111121211111211\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{1\tilde{1}}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}1100121001310011\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}2100121101110112\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{5\tilde{1}}]$ $e_{6}e_{4}e_{2}e_{0}\{\begin{array}{l}0010012112310110\end{array}\}$ $e_{5}e_{3}e_{7}e1\{\begin{array}{l}0111121211111211\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{\tilde{2}}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}0100111001210010\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}1100111101010111\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{4\tilde{2}}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}0121136226931231\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}1323364524233534\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{1\tilde{5}}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}00100121123.10110\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}0111122111\mathrm{l}11211\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{5\tilde{5}}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}1010022112410111\end{array}\}$
$e_{7}^{5}e^{3}e^{1}e\{\begin{array}{ll}11 1113 121121 1212 \end{array}\}$
$e_{0}e_{2}e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{6}]$ $e_{6}^{4}e^{2}e^{0}e$ $\{\begin{array}{l}0001001001101001\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e$ $\{\begin{array}{lll} 00010 1 010 100 10, 01\end{array}\}$
$e0$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{3\tilde{1}}]$ $e_{4}^{2}e^{0}ee_{6}\{\begin{array}{l}0110123113520120\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}1211232312121322\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{7\tilde{1}}]$ $e_{6}^{4}e^{2}e^{0}e.\{\begin{array}{l}0011013113411111\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}0112132212112212\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{2\tilde{2}}]$ $ee_{4}^{2}e^{0}e_{6}\{\begin{array}{lll}1011 1331 1362 01 2 1\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}2211242312221323\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{6\tilde{2}}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{lll}00 1 001 2 112 3 101 1 0\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}0111121211111211\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{3\tilde{5}}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}0111124114621121\end{array}\}$
$e_{7}^{5}e^{3}e^{1}e\{\begin{array}{ll}1 122 2433 1312 2323\end{array}\}$
$e_{0}$ e2 $e_{4}e_{6}$ $e_{1}e_{3}e_{5}e_{7}$
$[w_{7\overline{5}}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{ll}01 102311 1352 01 20\end{array}\}$ $e_{3}^{1}e_{5}e_{7}e\{\begin{array}{l}1211232312121322\end{array}\}$




$e_{6}^{4}e^{2}e^{0}e$ $\{\begin{array}{ll} 100011 0001 1100 01\end{array}\}$
$e_{0}e_{2}e_{4}e_{6}$
$e_{7}^{5}e_{3}^{1}ee$ $\{\begin{array}{ll}11 0001 1000 1000 11\end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$
$[w_{3}]$ $e_{6}e_{4}^{2}e^{0}e$ $\{\begin{array}{l}0\mathrm{l}001\mathrm{l}11\mathrm{l}2120110\end{array}\}$^{4}e \{\begin{array}{ 1\mathrm{l}0\end{array}\ $
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{5}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}0010010\mathrm{l}11110100\end{array}\}$ $e_{7}^{5}e_{3}^{1}ee\{\begin{array}{l}0010011\mathrm{l}10100110\end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e0$ e2 $e_{4}e_{6}$
$[w_{\tilde{1}}]$
$e_{2}^{0}ee_{6}^{4}e\{\begin{array}{l}10001\mathrm{l}000111000\mathrm{l}\end{array}\}$ $e_{3}^{1}e_{5}e_{7}e\{\begin{array}{l}1100011000100011\end{array}\}$
$e_{1}e_{3}$ $e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{4\tilde{1}}]$ $e_{4}e_{2}^{0}ee_{6}\{\begin{array}{l}0111132335341211\end{array}\}$
$ee_{5}^{3}e^{1}e_{7}\{\begin{array}{l}013\mathrm{l}135212311341\end{array}\}$
$e_{1}e_{3}e_{5}$ e7 $e_{0}$ e2 $e_{4}e_{6}$
$[w_{1\tilde{2}}]$ $e_{6}e_{4}^{2}e^{0}e\{\begin{array}{l}11002211\mathrm{l}323011\mathrm{l}\end{array}\}$
$e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}121012310121013\mathrm{l}\end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{5\tilde{2}}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}0\mathrm{l}01122224231\mathrm{l}1\mathrm{l}\end{array}\}$
$e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}0121124102211231\end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{\tilde{5}}]$
$e_{2}^{0}e_{4}e_{6}e\{\begin{array}{l}00100101\mathrm{l}1110100\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}0010011110100110\end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{4\tilde{5}}]$ $e_{6}e_{4}e_{2}e_{0}\{\begin{array}{l}1\mathrm{l}1124233645\mathrm{l}212\end{array}\}$
$e_{7}e_{5}^{3}ee1\{\begin{array}{l}1231146212411352\end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{7}]$ $e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}0001011\mathrm{l}12111001\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{ll}001 10120 0\mathrm{l}10 1\mathrm{l}11 \end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{2\tilde{1}}]$
$ee_{0}e_{2}e_{6}^{4}\{\begin{array}{l}100122\mathrm{l}113230111\end{array}\}$ $e_{7}^{5}ee_{3}^{1}e\{\begin{array}{l}\mathrm{l}210123\mathrm{l}0121013\mathrm{l}\end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e0$ e2 $e_{4}e_{6}$
$[w_{6\tilde{1}}]$ $e_{2}^{0}ee_{6}^{4}e\{\begin{array}{l}000101\mathrm{l}112111001\end{array}\}$
$e_{3}^{1}ee_{7}^{5}e\{\begin{array}{ll}001 10120 0110 1\mathrm{l}11 \end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{3\overline{2}}]$
$e_{0}e_{4}^{2}ee_{6}\{\begin{array}{l}1111242336451212\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{ll}123 1146 2124 1135 2\end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{7\tilde{2}}]$
$e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}01\mathrm{l}113233534\mathrm{l}211\end{array}\}$ $ee_{5}^{3}e^{1}e_{7}\{\begin{array}{l}0131135212311341\end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{2\overline{5}}]$
$e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}0\mathrm{l}01122224231111\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{ll}012 11241 022 \mathrm{l}1231 \end{array}\}$
$e_{1}e_{3}e_{5}e_{7}$ $e_{0}$ e2 $e_{4}e_{6}$
$[w_{6\tilde{5}}]$
$e_{6}^{4}e^{2}e^{0}e\{\begin{array}{l}010011\mathrm{l}112120\mathrm{l}10\end{array}\}$ $e_{7}^{5}e^{3}e^{1}e\{\begin{array}{l}0110112101\mathrm{l}10120\end{array}\}$
Figure 30: The incidence matrices of the vertical edges of $E_{8^{-}}E_{8}$ odd connections
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$A-A$
The principal graph $\downarrow\cdot\otimes_{A}e_{0K}$
$A-K$
$K-K$
The dual $\downarrow Ae_{0K}\otimes\cdot$
principal graph
$A-K$
Figure 31: The (dual) principal graph of the GHJ subfactor corresponding to $(E_{6}, *--e_{0})$ .
$A-A$
The principal graph $\downarrow\cdot\otimes_{A}e_{1K}$
$A-K$
$K-K$
The dual $\downarrow A^{C_{1K}\otimes}$ .
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Figure 32: The (dual) principal graph of the GHJ subfactor corresponding to $(E_{6}, e_{1})$ .
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$A-A$
The principal graph $\downarrow\cdot\otimes_{A}e_{2K}$
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Figure 33: The (dual) principal graph of the GHJ subfactor corresponding to ( $E_{6}$ , e2).
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The principal graph $\downarrow\cdot\otimes_{A}e_{3K}$
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The dual $\downarrow Ae_{3K}\otimes$ ,
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Figure 34: The (dual) principal graph of the GHJ subfactor corresponding to $(E_{6}, e_{3})$ .
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$A-A$
The principal graph $\downarrow\cdot\otimes Ae_{4K}$
$A-K$
$K-K$
The dual $\downarrow A^{C_{4K}\otimes}$ .
principal graph
$A-K$
Figure 35: The (dual) principal graph of the GHJ subfactor corresponding to $(E_{6}, e_{4})$ .
$A-A$
The principal graph $\downarrow\cdot\otimes Ae_{5K}$
$A-K$
$K-K$
The dual $\downarrow Ae_{5K}\otimes\cdot$
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Figure 42: The dual principal graph of the GHJ subfactor corresponding to $(E_{8}, e_{1})$ .
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Figure 44: Chiral symmetry for the Coxeter graph $D_{even}$
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Figure 47: Chiral symmetry for the Coxeter graph $E_{7}$
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0Figure 48: Chiral symmetry for the Coxeter graph $E_{8}$
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Figure 49: Essential paths on the Coxeter graph $A_{4}$
Figure 50: Essential paths on the Coxeter graph $A_{5}$
Figure 51: Essential paths on the Coxeter graph $D_{4}$
Figure 52: Essential paths on the Coxeter graph $D_{5}$
86
Figure 53: Essential paths on the Coxeter graph $D_{6}^{\cdot}$
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Figure 54: Essential paths on the Coxeter graph $E_{6}$
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Figure 55: Essential paths on the Coxeter graph E7 (1)
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Figure 56: Essential paths on the Coxeter graph E7 (2)
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Figure 57: Ess.ential paths on the Coxeter graph $E_{8}(1)$
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Figure 58: Essential paths on the Coxeter graph $E_{8}(2)$
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